Abstract Recently, Coffman, Kundu, and Wootters introduced the residual entanglement for three qubits to quantify the three-qubit entanglement in Phys. Rev. A 61, 052306 (2000). In Phys. Rev. A 65, 032304 (2007), we defined the residual entanglement for n qubits, whose values are between 0 and 1. In this paper, we want to show that the residual entanglement for n qubits is a natural measure of entanglement by demonstrating the following properties. (1). It is SL-invariant, especially LU-invariant. (2). It is an entanglement monotone. (3). It is invariant under permutations of the qubits. (4). It vanishes or is multiplicative for product states.
study the properties of the residual entanglements for even n qubits. In Sec. 3, we investigate the properties of the residual entanglements for odd n qubits.
Notations: (1) . Let |ψ = 2 n −1 i=0 a i |i and |ψ ′ = 2 n −1 i=0 a ′ i |i be states of n qubits in this paper. (2) . Let i n−1 ...i 1 i 0 be an n−bit binary representation of i. That is, i = i n−1 2 n−1 + ... + i 1 2 1 + i 0 2 0 . Then, let N (i) be the number of the occurrences of "1" in i n−1 ...i 1 i 0 and N * (i) be the number of the occurrences of "1" in i n−2 ...i 1 i 0 , respectively.
Properties of the residual entanglement for even n qubits
In [14] , we defined the residual entanglement of the state |ψ of even n qubits as τ (ψ) = 2 |I(a, n)| . Another version of I(a, n) is I * (a, n) = 2 n−2 −1 i=0 sgn * (n, i)(a 2i a (2 n −1)−2i − a 2i+1 a (2 n −2)−2i ).
(2.3)
That is, I(a, n) = I * (a, n) when n ≥ 4. The functions sgn and sgn * were defined in [14] . For readability, we list the definitions of sgn and sgn * in Appendix A. When n = 2, τ (ψ) = 2 |a 0 a 3 − a 1 a 2 |, which is the concurrence for two qubits.
Theorem 1 in [14] implies that I(a, n) and the residual entanglement τ (ψ) for even n qubits are invariant under SL-operators, especially under LU -operators. To argue below that the residual entanglement τ for even n qubits is an entanglement monotone, we will use the following result:
If the states |ψ ′ and |ψ are connected by a local operator as
then I(a ′ , n) = I(a, n) det(α) det(β) det(γ)... It is ready to see that Eq. (2.6) follows Eqs. (2.1) and (2.5) . For the proof of Eq. (2.5), see the proof in part A of Appendix D in [15] in which the condition that α, β, ... are invertible was not used. Following this result, we have the following two statements.
If the states |ψ ′ and |ψ are connected by SLOCC, i.e., α, β, ... are required to be invertible, then this becomes a special case of the above result.
If the states |ψ ′ and |ψ are connected by general LOCC, i.e., by non-invertible operators (see [8] ), then this is also a special case of the above result.
The invariance under permutations of the qubits
To show the invariance of the residual entanglement τ under permutations of the qubits, we have the following remark 1, lemma 1, and corollary 1. Remark 1.
Let |ψ be a state of even n qubits. Then each term of I * (a, n) in Eq. (2.3) is of the form (−1)
It is easy to see that binary representations of k and 2
N (i) when n is even and 0 ≤ i ≤ 2 n−2 − 1. Next there are two cases. Case 1. Consider term sgn * (n, i)a 2i a (2 n −1)−2i . Since N (2i) = N (i), this remark is true for case 1. Case 2. Consider term −sgn Proof. By remark 1, each term of I * (a, n) is of the form (−1)
Let the binary number for k correspond to the binary number for k ′ under permutation π of the qubits. Then, the binary number for 2 n − 1 − k corresponds to the binary number for 2
* (a, n) does not vary under any permutation of the qubits. Q.E.D. From lemma 1 and Eq. (2.1) and I(a, n) = I * (a, n), we have the following corollary 1. Corollary 1. Let |ψ be a state of even n qubits. Then the residual entanglement τ (ψ) does not vary under any permutation of the qubits.
The residual entanglement of product states
Let |ψ be a state of even n qubits and a tensor product state of state |φ of the first l qubits and state |ω of the rest (n − l) qubits. Let |φ = 2 l −1 i=0 b i |i , where 1 ≤ l < n, and |ω =
See Appendix B for the detail proof. Example 1. For four qubits, τ ((|00 + |11 ) 12 ⊗ (|00 + |11 ) 34 ) = 1. Example 2. For six qubits, τ ((|000 + |111 ) 123 ⊗ (|000 + |111 ) 456 ) = 0. From theorem 1 and corollary 1, we have the following corollary 2. Corollary 2.
(An extension of theorem 1) (1). If |ψ is a tensor product state of state |φ of even qubits and state |ω of even qubits, then τ (ψ) = τ (φ)τ (ω). That is, τ (ψ) is multiplicative.
(2). If |ψ is a tensor product state n qubits of state |φ of odd qubits and state |ω of odd qubits, then τ (ψ) = 0.
As it is indicated in [9] that 4-tangle is not a measure of 4-way entanglement, the corollary 2 argues that the residual entanglement for even n qubits is not a measure of n-way entanglement by the idea in [9] .
From corollary 2, the conjecture for even n qubits in [14] is right. Example 3. For six qubits, τ ((|0000 + |1111 ) 1456 ⊗ (|00 + |11 ) 23 ) = 1. Example 4. For six qubits, τ ((|000 + |111 ) 135 ⊗ (|000 + |111 ) 246 ) = 0.
Remark 2.
In [8] SLOCC-classes of three qubits were related by means of non-invertible operators, i.e., of general LOCC, see Fig.1 in [8] . Unfortunately, we can not derive the nice result for four qubits. For example, for four qubits, no non-invertible operators can transform the state |GHZ to a state within |GHZ 12 ⊗ |GHZ 34 SLOCC class. Assume that the states |φ and |GHZ are connected by a non-invertible operator as |φ = α ⊗ β ⊗ γ ⊗ δ |GHZ . Then by Eq. (2.6), τ (φ) = τ (ψ)| det(α) det(β) det(γ) det(δ)| = 0. However, for any state |φ in |GHZ 12 ⊗ |GHZ 34 SLOCC class, τ (φ) = 0 [14] .
2.3 τ is an entanglement monotone.
As indicated in [10] , a natural measure of entanglement should be an entanglement monotone. Let us follow the idea in [8] to prove that the residual entanglement for n qubits is an entanglement monotone. By the idea in [8] , it is enough to consider two-outcome POVM's and apply POVM's to one party. For example, we apply a local POVM to qubit k. Let A 1 and A 2 be the two POVM elements such that A
By the singular value decomposition, there are unitary matrices U i and V i and diagonal matrices D i with non-negative entries such that
Let |ψ be an initial state and
be the states after the application of the POVM for any n qubits, where I is an identity. To normalize |φ i , let
. As discussed in [8] , next we consider
and prove
to argue that τ is an entanglement monotone. It is intuitive that τ (φ i ) = τ (φ i )/p i because τ is a quadratic function with respect to its coefficients in the standard basis, see Eq. (2.2) or Eq. (2.3). Note that τ is a quartic function in [8] [9] . By Eqs. (2.6) and (2.7),
. By substituting into Eq. (2.8),
As discussed in [8] , it is easy to derive τ ≤ τ (ψ). Thus, this says when η = 1, τ is an entanglement monotone. As pointed out in [8] , when 0 < η ≤ 1, it can be checked that τ is an entanglement monotone. Note that in [8] the authors thought that that A 1 and A 2 constitute a POVM implies V 1 = V 2 and used the restriction V 1 = V 2 to simplify the calculation for τ (φ i ) [8] [9] . They used the invariance of 3-tangle in [8] and n-tangle in [9] under permutations of the qubits to consider a local POVM in party A only. They also used the invariance of 3-tangle and n-tangle under LU to obtain τ (
3 Properties of the residual entanglement for odd n qubits
In [14] , we defined the residual entanglement of the state |ψ of odd n qubits as
where
When n = 3, τ (ψ) in Eq. (3.1) is just Coffman et al.'s the residual entanglement for three qubits, i.e., 3 tangle. Theorem 2 in [14] implies that (I(a, n)) 2 − 4I * (a, n − 1)I * +2 n−1 (a, n − 1) and τ (ψ) are invariant under SL-operators, especially under LU -operators. To argue below that the residual entanglement τ for odd n qubits is an entanglement monotone, we will use the following result.
and
It is easy to know that Eq. (3.7) follows Eqs. (3.1) and (3.6). For the proof of Eq. (3.6), see the proof in part B of Appendix D in [15] in which the condition that α, β, ... are invertible was not used. Following this result, those two statements in Sec. 2 are also true for odd n qubits. That is, If the states |ψ ′ and |ψ are connected by SLOCC, i.e., α, β, ... are required to be invertible, then this becomes a special case of the above result.
3.1
The invariance under any permutation of the qubits 2, 3, ..., n.
To prove the invariance we need the following remark 3, lemma 2, and corollary 3.
Remark 3.
Let |ψ be a state of odd n qubits. Then each term of I(a, n) in Eq. (3.2) is of the form (−1)
when 0 ≤ i ≤ 2 n−3 − 1 by property 3 in Appendix A. Next there are four cases.
From the above four cases, the remark is true. Q.E.D. Lemma 2. Let |ψ be a state of odd n qubits. Then, I(a, n) in Eq. (3.2) does not vary under any permutation of the qubits 2, 3, ... , and n.
Proof. By remark 3, each term of I(a, n) in Eq. (3.2) is of the form (−1)
Let the binary number for k correspond to the binary number for k ′ under permutation π of the qubits 2, 3, ... , and n. Then, the binary number for 2 n − 1 − k corresponds to the binary number for 2
Therefore, I(a, n) does not vary under any permutation of the qubits 2, 3, ... , and n. Q.E.D.
Corollary 3.
Let |ψ be a state of odd n qubits. Then, the residual entanglement τ (ψ) does not vary under any permutation of the qubits 2, 3, ... , and n.
Proof. Note that a binary representation of each subscript in each term of I * (a, n − 1) in Eq. 
The residual entanglement of product states
Theorem 2. Let |ψ be a state of odd n qubits and a tensor product state of the state |φ of the first l qubits and the state |ω of the rest (n − l) qubits. Let |φ = 
2 for odd l, while l is even τ (ψ) = 0. See Appendix C for the detail proof. Example 6. For five qubits, τ ((|000 + |111 ) 123 ⊗ (|00 + |11 ) 45 ) = 1. Example 7. For five qubits, τ ((|00 + |11 ) 12 ⊗ (|000 + |111 ) 345 ) = 0. From theorem 2 and corollary 3, we have the following corollary 4. Corollary 4. (An extension of theorem 2) Theorem 2 holds under any permutation π of the qubits 2, 3, ... , and n. That is, let |φ be a state of l qubits including qubit 1 and state |ω be a state of the rest (n − l) qubits, then, τ (ψ) = τ (φ)τ (ω)
2 for odd l, while l is even τ (ψ) = 0. Hence, τ (ψ) can be considered to be multiplicative for odd l.
The corollary 4 implies that the residual entanglement for odd n qubits is not a measure of n-way entanglement by the idea in [9] . In [14] , we conjectured that τ (ψ) = 0 whenever ψ is a product states of odd n qubits. This corollary says that the conjecture is not always true.
Example 8. For five qubits, τ ((|000 + |111 ) 125 ⊗ (|00 + |11 ) 34 ) = 1 and τ ((|00 + |11 ) 15 ⊗ (|000 + |111 ) 234 ) = 0.
For five qubits, by the iterative formula of the number of the degenerate SLOCC classes in [16] , there are 5 × t(4) + 66 degenerate SLOCC classes, where t(4) is the number of true SLOCC entanglement classes for four qubits. In [16] , 28 degenerate SLOCC classes for four qubits were found. Hence, in total, there are at least 206 degenerate SLOCC classes for five qubits. By corollary 4, for five qubits, the residual entanglement τ always vanishes for all the product states except the states within the following SLOCC classes:
Here we want to show that remark 2 also holds for five qubits. We only need to show that for five qubits, no non-invertible operators can transform the state |GHZ to a state within |GHZ 123 ⊗|GHZ 45 SLOCC class. Assume that the states |φ and |GHZ are connected by a non-invertible operator as 
τ is an entanglement monotone.
It is easy to see that the first paragraph of Sec. 2.3 is true for any n qubits. Please read that paragraph first.
It is not hard to know that τ (φ i ) = τ (φ i )/p 
Eq. (3.9) was also obtained in [8] . Therefore the rest of the proof is the same as the one in [8] .
Note that in the above proof we do not use the restriction V 1 = V 2 , the invariance of the residual entanglement τ under permutations of the qubits, or the invariance of τ under LU . Therefore, it is not necessary to establish a relation between the invariance of a measure under permutations of the qubits and an entanglement monotone.
Summary
We summarize this paper as follows. The residual entanglement τ for n qubits has the following natural properties. (1) . 0 ≤ τ ≤ 1. The n-qubit |GHZ state is the one with the maximal residual entanglement, i.e., τ = 1. The n-qubit |W state and the full separable state are the ones with the minimal residual entanglement, i.e., τ = 0. (2) . τ is invariant under SL-operators, especially LU-operators. (3) . τ is an entanglement monotone. (4) . For even n qubits, τ is invariant under permutations of the n qubits. By [7] , τ represents a collective property of the n qubits. For odd n qubits, τ is invariant under permutations of the (n − 1) qubits, for example, of qubits 2, 3, ..., n except for qubit 1. By [7] , τ represents a collective property of the (n − 1) qubits. (5) . For product states, τ = 0 or is multiplicative.
Appendix A. Properties of sgn and sgn *
Definition of sgn
We define function sign(n, i) = ±1. Always sign(2, 0) = sign(3, 0) = 1. For n ≥ 4 and 0 ≤ i ≤ 2 n−3 − 1, we define sign(n, i) as follows.
When
Let a binary number of j be j l−3 j l−4 ...j 1 j 0 , where
Let a binary representation of t be t l−4 ...t 1 t 0 and a binary number of k be k n−l−3 ...k 1 k 0 , where t i , k i ∈ {0, 1}. k + (2t+ 1)2 n−l−1 = k + t2 n−l + 2 n−l−1 . The latter can be rewritten as t l−4 2 n−4 + ...+ t 1 2 n−l+1 + t 0 2 n−l + 2
Note that the binary numbers of 2 n−l−1 − 1 − k and k are complementary. Hence, it is straightforward that N (2 1, i) . By the assumption, sgn(n − 1, i) = (−1)
By property 3 and (ii) of property 1, sgn
Q.E.D. Property 6. Assume that 0 ≤ k ≤ 2 n−l−2 − 1 and 0 ≤ j ≤ 2 l−2 − 1. Then sgn
. As well, since k+j×2 n−l−1 < 2 n−4 −2 n−l−2 −1, by property 3, sgn * (n−1, k+j×2 n−l−1 ) = (−1)
. Therefore, the property holds for this case.
Case 2.
By property 3 and (iii) of property 1, sgn
By property 3 and (i) of property 1, sgn
. Therefore, this property holds for this case. Q.E.D.
Property 7.
Assume that 0 ≤ k ≤ 2 n−l−2 − 1 and 0 ≤ t ≤ 2 l−3 − 1. When n is odd and l is odd or n is even and l is even, then (i). sgn
When n is odd and l is odd or n is even and l is even, clearly sgn * (n − l, k) = (−1) N (k) . From cases 1 and 2, this property holds. Proof of (ii):
Step 1. Compute sgn(n, k + t × 2 n−l ). Since 0 ≤ k+t×2 n−l ≤ 2 n−3 −2 n−l +2 n−l−2 −1, by property 2 and (ii) of property 1, sgn(n, k+t×2
Step 2. Compute sgn(l, t). By property 2, sgn(l, t) = (−1) N (t) . From (i) and steps 1 and 2, we can conclude that this property holds.
Proof of (iii):
. Therefore, by (i) this property is true for this case.
Case 2. 2 l−4 ≤ t ≤ 2 l−3 − 1. By property 3, sgn
. By (i), it is not hard to see that this property holds for this case. Q.E.D.
By solving Eq. (B2), obtain the following amplitudes:
, where 0 ≤ j ≤ 2 n−2 − 1. We rewrite I * (a, n) = E 1 + E 2 , where
Let us compute E 1 as follows. Since 0 ≤ i ≤ 2 n−3 − 1, by Eq. (B3)
By substituting the amplitudes in Eq. (B6) into E 1 , E 1 becomes
In Eq. (B7) let E 1 = E
1 + E
1 , where 
When 0 ≤ k ≤ 2 n−4 − 1, by property 3 and (iii) of property 1 in Appendix A, sgn * (n, 2 n−3 − 1 − k) = −sgn * (n, k). Thus, E
1 = E
(1) 1
and E 1 = 2E
1 . Next we show E 1 = 2b 0 b 3 I * (c, n − 2). For this purpose, we only need to show sgn * (n, i) = sgn * (n − 2, i) provided that 0 ≤ i ≤ 2 n−4 − 1. Property 3 in Appendix A asserts this. Similarly, we can derive E 2 = −2b 1 b 2 I * (c, n − 2). Thus, I * (a, n) = 2(b 0 b 3 − b 1 b 2 ) I * (c, n − 2). Conclusively, τ (ψ) = τ (φ)τ (ω).
Proof for that l ≥ 3:
We write |ψ = |φ 1,...,l ⊗ |ω (l+1),...,n .
By solving equation Eq. (B11), obtain the following amplitudes: 
We rewrite I(a, n) as I(a, n) = 
Therefore, τ (ψ) = τ (φ)τ (ω). Q.E.D.
